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1. Introduction 



< 

It is known that the theory of Markov processes is a rapidly developing field with numer- 
ous applications to many branches of mathematics and physics. However, there are physical 
systems that can not be described by Markov processes. One of such systems is given by qua- 
dratic stochastic processes (see [2]). Quadratic stochastic processes are related to the notion 
of a quadratic stochastic operator, which was introduced in pQ. The problem of studying the 
behavior of trajectories of quadratic stochastic operators was stated in [21J. The limit be- 
havior and ergodic properties of trajectories of quadratic stochastic operators were studied in 
[7J HI [TOj HU [22] . However, such kind of operators do not cover the case of quantum systems. 
Therefore, in [U E] quantum quadratic operators acting on a von Neumann algebra were de- 
fined and studied. Certain ergodic properties of such operators were studied in [151 EBJ- In 
those papers basically dynamics of quadratic operators were defined due to some recurrent rule 
which makes a possibility to study asymptotic behaviors of such operators. However, with a 
given quadratic operator one can define also a non-linear operator whose dynamics (in non- 
commutative setting) are not studied yet. Very recently, in [6] convergence of ergodic averages 
associated with mentioned non-linear operator are studied by means of absolute contractions 
of von Neumann algebras. Actually, it is not investigated nonlinear dynamics of convolution 
operators. Therefore, a complete analysis of dynamics of quantum quadratic operator is not 
well studied. 

In the present paper we are going to study nonlinear dynamics of quantum quadratic opera- 
tors acting on the algebra of 2 x 2 matrices M 2 (C). Since positive, trace-preserving maps arise 
naturally in quantum information theory (see e.g. [32]) and other situations in which one wishes 
to restrict attention to a quantum system that should properly be considered a subsystem of 
a larger system with which it interacts. Therefore, after preliminaries (Sec. 2) in section 3, we 
describe quadratic operators with Haar state (invariant with respect to trace), namely certain 
characterizations of q.q.o, Kadison-Schwartz operators, which are invariant w.r.t. trace, are 
given. By means of such a description in Section 4, we shall provide an example of positive 
q.q.o. which is not a Kadision-Schwartz operator. On the other hand, the such a charac- 
terization is related to the separability condition, which plays an important role in quantum 
information. It is worth to mention that similar characterizations of positive maps defined 

l 
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on M 2 (C) were considered in [TTJ 02] • Further, in section 4 we study stability of dynamics 
of quadratic operators. Note that in [17] we have studied very simple dynamics of quadratic 
operators. Moreover, we note that the considered quadratic operators are related to quantum 
groups introduced in [23]. Certain class of quantum groups on M 2 (C) were investigated in [20J. 

2. Preliminaries 

In what follows, by M 2 (C) we denote an algebra of 2 x 2 matrices over complex filed C. By 
M 2 (C) (g)M 2 (C) we mean tensor product of M 2 (C) into itself. We note that such a product can 
be considered as an algebra of 4 x 4 matrices M 4 (C) over C. In the sequel 1 means an identity 

matrix, i.e. 1 = ( 3. ^ ) . By S'(M 2 (C)) we denote the set of all states (i.e. linear positive 



v 1 / 

functionals which take value 1 at 1) defined on M 2 (C). 

Definition 2.1. A linear operator A : M 2 (C) M 2 (C) <g> M 2 (C) is said to be 

(a) - a quantum quadratic operator (q.q.o.) if it satisfies the following conditions: 

(i) unital, i.e. Al = l<g) 1; 

(ii) A is positive, i.e. Aa; > whenever x > 0; 

(b) - a quantum convolution if it is a q.q.o. and satisfies coassociativity condition: 

(A<gu'd)A = (id <g> A) A, 

where id is the identity operator of M 2 (C); 

(c) - a Kadis on- Schwartz operator (KS) if it satisfies 

(2.1) A(x*x) > A(x*)A(x) for all x G M 2 (C). 

One can see that if A is unital and KS operator, then it is a q.q.o. A state h G >S(M 2 (C)) is 
called a Haar state for a q.q.o. A if for every x G M 2 (C) one has 

(2.2) (h <g> id) o A(x) = (id ®h)o A(x) = h(x)l. 

Remark 2.2. Note that if a quantum convolution A on M 2 (C) becomes a *-homomorphic map 
with a condition 

On((l ® M 2 (C))A(M 2 (C))) = LnT((M 2 (C) g> 1)A(M 2 (C))) = M 2 (C) ® M 2 (C) 

then a pair (M 2 (C), A) is called a compact quantum group [23] [20] . It is known [23] that for 
given any compact quantum group there exists a unique Haar state for A. 

Remark 2.3. Let U : M 2 (C) g> M 2 (C) ->• M 2 (C) <g> M 2 (C) be a linear operator such that 
U(x <8) y) = y <8> x for all x,y G M 2 (C). If a q.q.o. A satisfies UA = A, then A is called a 
quantum quadratic stochastic operator. Such a kind of operators were studied and investigated 

in pain]. 

Each q.q.o. A defines a conjugate operator A* : (M 2 (C) <g) M 2 (C))* M 2 (C)* by 

(2.3) A*(f)(x) = /(Ax), / G (M 2 (C) g» M 2 (C))*, x G M 2 (C). 
One can define an operator Va by 

(2.4) Va(^) = A*(^<8)^), <peS(M 2 (C)), 

which is called a quadratic operator (q.o.). Thanks to the conditions (i),(ii) of Def. 12.11 the 
operator Va maps S f (M 2 (C)) to S f (M 2 (C)). In some literature operator Va is called quadratic 
convolution (see for example [B]). 
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3. Quantum quadratic operators on M 2 (C) 

In this section we are going to describe quantum quadratic operators M 2 (C) as well as find 
necessary conditions for such operators to satisfy the Kadison-Schwartz property. 

Recall [3] that the identity and Pauli matrices {1, o\, 02, 03} form a basis for M 2 (C), where 

ai = ( 1 ) ° 2 = ( i o* ) ffs = ( -1 ) • 

In this basis every matrix x G M 2 (C) can be written as x = WqI + wcr with wq G C, 
w = (wi, W2, W3) G C 3 , here wcr = W\0-\ + W2&2 + W3O-3. 

Lemma 3.1. [12] The following assertions hold true: 

self- adjoint iffwa,w are reals; 

(b) Tr(x) = 1 iff wq = 0.5, here Tr is the trace of a matrix x; 

(c) x > iff ||w|| < Wq, where ||w|| = a/|^i| 2 + \w 2 \ 2 + \w 3 \ 2 . 

As well as any state <p G S , (M 2 (C)) can be represented by 
(3.1) <f(w l + wcr) = w + (w, f), 

where f = (fi, / 2 , ^3) G M 3 such that ||f || < 1. Here as before (•, •) stands for the scalar product 
in C 3 . Therefore, in the sequel we will identify a state with a vector f G M 3 . 
In what follows by r we denote a normalized trace, 

( £ll X\1 \ _ X U + X 22 
T V X 21 ^22 / 2 

i.e. r(x) = \ Tr(x), x G M 2 (C), 

Let A : M 2 (C) M 2 (C) ® M 2 (C) be a q.q.o. with a Haar state r. Then one has 

r ® t(Ax) = r(r ® id)(A(x)) = r(x)r(l) = r(x), x G M 2 (C), 

which means that r is an invariant state for A. 

Let us write the operator A in terms of a basis in M 2 (C) <8> M 2 (C) formed by the Pauli 
matrices. Namely, 

Al= 1® 1; 

333 

Afa) = h(l g> 1) + ^6^(1 ® Oi) + J^Vj ® 1) + ^ &mwK» ® CT/), 
j=l j=l m,l=l 

where i = 1,2, 3. 

Now we want to describe all q.q.o. which has a Haar state r. 

Note that the positivity of A implies that Ax* = (Ax)*, therefore we have 

3 3 3 

A(a*) = 6~(J ® 1) + ^6^(1 g> cr,) + Y)>fi(°i ®t)+Y^ KdfiiPm ® tr,). 

j=l i=l m,l=l 

This yields that 6j = 6j, 6^ = 6^ (A; = 1,2) and b m i^ = b m i^, i.e. all coefficients are real 
numbers. 

Now the invariance of A w.r.t. r means r <g> r(A(crj)) = r(cr, ; ) = which implies that bj = 0, 
J = 1,2,3. 
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The equality (12. 2p with h = r yields that 



3 

(id <g> r) A(o-j) = (id®r) 



(8) (Tj) + fe^Vj ® 1)) + 2 ^^(^m ® <Tj) 
3=1 m,l=l 



3=1 

Therefore, = 0, for all z,j = 1,2,3. Now similarly, from 



3=1 



one gets 6^ = 0. Hence, A has the following form 



3« 



(3.2) A(o-j) = J3 b ml,i( a rn ® <7j), « = 1, 2, 3. 

m,Z=l 

Let us turn to the positivity of A. Given vector f = (fx, f 2 , fa) G M 3 put 

3 

(3.3) Wii = X)W*- 

fc=i 

Define a matrix B(f) = (/9(f)y)?- =1 . 

Now given a state (i.e. = o;o + (w, f), f G M 3 ,||f || < 1) by E v we denote the canonical 
conditional expectation defined by E v (x ® y) — (p(x)y, where x, y G M 2 (C). 

By ||B(f)|| we denote a norm of the matrix B(f) associated with Euclidean norm in C 3 . Put 

S = {p = (pi,P2,P 3 ) e« 3 : P?+P2+P3<!} 

and denote 

|||B||| = sup||B(f)||. 

feS 

Proposition 3.2. Let A be a q.q.o. with a Haar state r, then |||B||| < 1. 

Proof. Let x G M2(C) be a positive element. Note that for any x = wqI + wu G M2(C) from 
(jOl one finds 

3 

(3.4) A(x) = w l (8) 1 + 53 ( b mi, w)cr m ® cr U) 

m,l=l 

here we have denoted we b m ; = (& m j,i, 6 m «,2, and as before (■,■) stands for the scalar 

product in C 3 . 

Therefore, we have 

3 

E (p (A(x)) = w l+^2(b i j,w)f i a j 

*j=i 

= w l + B(f)wa 
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where ip(x) — w + (f, w), f = (fx, / 2 , ^3) G S, and we have used (pfa) = f and 

3 33 

i=l Z=l i=l 

3 

= (B(f)w),- 

Positivity of x yields that E ip {A{x)) is positive, for all states (p, since E v is a conditional 
expectation. Hence, according to Lemma |3~T1 positivity of E lp (A(x)) equivalent to ||B(f)w|| < 
wo for all f and w with ||w|| < wq. Consequently, one finds that ||B(f)|| = sup ||B(f)w|| < 1, 

|| w||<l 

which yields the assertion. □ 

Now we are ready to formulate a description result for q.q.o. 

Theorem 3.3. Let A : M 2 (C) M 2 (C) ® M 2 (C) be a q.q.o. with a Haar state r, then it has 
the following form: 

3 

(3.5) A(x) = w l <S> 1 + ^ (b mh W)a m ® o u 

m,l=l 

where x = w + wa, b ml = (b mltl ,b m i t2 ,b m i t3 ) and the coefficients {b mLk } satisfy |||B||| < I. 

Remark 3.4. Note that similar characterizations of positive maps defined on M 2 (C) were con- 
sidered in [12] (see also [8]). Characterization of completely positive mappings from M 2 (C) into 
itself with invariant state r was established in [T9] . 

Next we would like to find some conditions for q.q.o. to be Kadison-Schwartz operators. To 
do it, we need some auxiliary results. 

Lemma 3.5. Let a, c 6 C 3 . Then one has 

(3.6) (aa) • (ccr) - (ca) ■ (aer) = ((a, c) - (c, a))l + z([a, c] + [a, c])a 

(3.7) (acr) • (aa) = ||a|| 2 l + a] a 

The proof is straightforward. 

Let A : M 2 (C) — > M 2 (C) <8> M 2 (C) be a linear operator with a Haar state r, then it has 
a form (13. 5p . We would like to find some conditions to the coefficients {b m i t k} when A is a 
Kadison-Schwartz operator. Given x = w + wa denoting x m i = (b m i, w) one has 

3 

A(X*X) = (|W | 2 + ||w|| 2 )l + ^ (w X m> i + W X mt i)(T m <S> <J\ 

m,l=l 

3 

(3.8) +i ^ ( h m,h [w, w])a m ® a/ 

m,i=l 
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A(x)*A(x) = \w \ 2 l+ (w x m ,i + 



w x m i)a m ® 01 



m,l=l 

3 \ / 3 



(3.9) + ( ^ x m,l(?m ® <?l j ( X ™l a ™ 

Putting x m = (x m i, x m 2, x m3 ), m = 1,2,3 and using this notation we rewrite the last term 
of the equality ( 13. 9 j) as follows 

^ x m ,iv m ® oi J ( ^ x^7a m <g> crj J = ( ^ a m <g> (x m cr) J ( ^ a m <g> (x m cr) J 

m,/=l ' ^m,/=l ' ^m=l ' ^ m=l ' 

3 

= 1(g) y^(x fc cr) ■ (x fc a) 



fc=i 



+i(7! <g) ((x 2 flr) ■ (x 3 cr) ~ (x 3 0") ■ (x 2 cr)) 
+i<7 2 <g> ((x 3 er) • (xicr) - (xicr) ■ (x 3 cr)) 
+id 3 <g> ((xicr) • (x 2 cr) - (x 2 cr) • (x"i<x)) 



According to Lemma 13.51 the last equality equal to 

3 3 



X:= 1® ^||x i || 2 l + i^[x i ,x i ]a) N j 
V j= i j= i / 

® ^((x 2 ,x 3 ) - (x 3 ,x 2 })l + i([x 2 ,x 3 "] + [x2",x 3 ])cr^] 

+icr 2 ® ^((xg,xi) - (xi,x 3 ))l + i([x 3 ,xl] + [xi,xi])(7^ 

+zt7 3 g> ^((xi,x 2 ) - (x 2 ,x 1 ))l + i([xi,x 2 "] + [xT,x 2 ])o-^ 
Then from (I3.8p . (I3.9P one gets that 

3 

A(x*x) - A(x)*A(x) = ||w|| 2 l+ ^ (b mi ,[w,w])a m ®(T Z -X. 

m,i=l 

Now take an arbitrary state ip G 5(M 2 (C)) and consider 

3 

(3.10) E v (A(x*x) - A(x)*A(x)) = \\w\\ 2 l + i ^ (b mll [w, w])/ m< 7, - ^(X), 



m,i=l 



where </?(°"m) = /m- 
Denote 

(3.11) a m/ = (x m ,x ; ) - (x/,x m ), 7 mZ = [x m ,xy] + [x^,xj]. 

By 7r we shall denote mapping {1,2,3,4} to {1,2,3} defined by tt(1) = 2,7r(2) = 3, 7r(3) 
l,7r(4) = 7r (1) . Then one can find 
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(3.12) 

Denoting 
(3.13) 



E V (X) = ^ ||x m || 2 l + i^[x m ,x m ]cr 

m=l m=l 

3 

m),7r(m+l) 



m=l 



q(f, w) = ((/3(f)!, [w, w]>, (/3(f) 2 , [w, w]>, C9(f) 8 , [w, w]», 



where /3(f) m = w(f) m i, /3(f) m2 , /3(f)m3) (see ( 13.31) ) . and substituting the last equality (I3.12p to 
(13.1 Op we obtain 



E V (A(X*X) - A(x)*A(x)) = M|w|| 2 -i^/ m a7r(m),7r(m+l) ~ ^||x m || 2 J 

^ m=l m=l ' 



+i[ q(f, w) 

^ m=l 



(3.14) -m q(i, w) 

1 / JmOV(m),Tr(?TM-l) |X m , X m J j O". 

So, thanks to Lemma [3.11 the right hand side of ( 13. 14ft is positive if and only if 

3 3 

(3.15) || w || 2 - iy^J m a^{m)Mm+i) ~ '^\\*m\\ 2 > 



m=l 



m=l 



(3.16) 



q(f, w) - Z2j/ m 77r(m),7r(m+l) _ [ x m; x m] 



m=l 



< ii w ii 2 - zy^/fca 7r (fc), 7 r(fc+i) - y^iix r 



fc=l 



m=l 



Note that here the numbers a m \ are skew-symmetric, i.e. a^J = — a m i, therefore, the equality 
(I3.17P has a sense. 
According to Theorem 13.31 we obtain the following 

Theorem 3.6. Let A : M 2 (C) ->■ M 2 (C) <g)M 2 (C) be a Kadis on- Schwartz operator with a Haar 
state t, then it has the form (13.51) and the coefficients {b m i t k} satisfy conditions 



l w l| 2 ~ i /]fm(^n(m),ir(m+l) ~ ^ll x m|| 2 > 



m=l 



m=l 



q(f, W) - i^2fmlir( m ),n(m+l) ~ [ X mi X m 



m=l 



< || w || 2 — i^/fca 7r (fe), 7r (fc+i) — |lx, 

m=l 



fe=l 



/or allf E S,w E C 3 . #ere as &e/ore x m = ((b m i, w) (b m2 , w), (b m3 , w)) ; h ml = (6 mZ>1 , 6 mii2 , 6 mij3 ) 
and q(f, w), a mi and j m i are defined in (13 13p . ()3.11l) . respectively. 
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Corollary 3.7. Let A : M 2 (C) -> M 2 (C) <g) M 2 (C) 6e a Kadis on- Schwartz operator given by 
( 13. 5p . £/ien £/ie coefficients {b m i^} satisfy the following conditions 

3 

(3-17) ||x m || 2 + za 2 , 3 < ||w|| 2 , 

m=l 



(3.18) 



7l(w) -27 2>3 +2^[X 

rfi) X r , 



m=l 



< II W I 



m=l 



w/iere h(w) = ((h u , [w, w]), (b 12 , [w, w]), (b 13 , [w, w])), for all w G C 3 . 

The proof immediately follows from the previous Theorem 13.61 when we take f = (1, 0, 0) in 

dSHD-dSHD- 

Remark 3.8. The provided characterization with [T3] allows us to construct examples of positive 
or Kadison-Schwartz operators which are not completely positive (see subsection 4.3). 

4. Dynamics of quantum quadratic operators 

4.1. General case. In this section we are going to study dynamics of convolution operator Va 
associated with a q.q.o. A defined on M 2 (C). 

Let A : M 2 (C) ->> M 2 (C) <g> M 2 (C) be a liner operator with a Haar state r. Then due to 
Theorem 13.31 A has a form (I3.5p . Take arbitrary states (p, ip G 5(M 2 (C)) and f , p G S be the 
corresponding vectors (see (13.11) ). Then one finds that 

3 

A*((p<g)iJ))(cr k ) = y^bjj^fiPj, k = 1,2,3. 

ij=l 

Thanks to Lemma [3.11 the functional A* (if <g> ip) is a state if and only if the vector 

3 3 3 

^hj,ifiPj, J^bijrfiPj, J2b ij)3 f iPj 

H,j=l i,j=l i,j=l 



fA*(¥>,V0 



satisfies ||fA*(^)|| < 1- 
So, we have the following 

Proposition 4.1. Let A : M 2 (C) — > M 2 (C) <8> M 2 (C) be a liner operator with a Haar state t. 
Then A*(- ® •) bilinear form is positive if and only if one holds 

3 3 2 

(4.1) ^2 h ihkhPj <! for all f, peS. 

k=l i,j=l 

From the proof of Proposition 13.21 and the last proposition we get 

Corollary 4.2. Let B(f) be the corresponding matrix to an operator given by (13.51) . Then 
|||I8||| < 1 if and only if (14.11) is satisfied. 

Let us find some sufficient condition for the coefficients {bij t k} to satisfy (14.11) . 

Corollary 4.3. Let 

3 



(4.2) 

be satisfied, then (14. ip holds. 



^ \ b ij,k\ 
i,j,k=l 



< 1 
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Proof. Let (I4.2p be satisfied. Take any f , p G 5, then 



< 



2|6y,*ll/<Pil 



3 



< £iw 2 £i/<i 2 £bi 



ij=l i=i i,j=l 

3 

< ]£iw 

which implies the assertion. □ 

Let us consider the quadratic operator, which is defined as Va(v?) = A*(<£>®<^), <£> G S , (M 2 (C)). 
From Theorem 13.31 and Corollary 14.21 one can see that the defined operator Va maps S^M^C)) 
into itself if and only if |||B||| < 1. From (I3.5P we find that 

3 

V A (v)(o- k ) = ^bijtfifj, f G S. 
This suggests us to consider a nonlinear operator V : S — > S defined by 

3 

(4.3) nr), »,.a,/;/ ; . k = 1,2, 3. 

where f = (/i, /2, /a) G S*. Furthermore, we are going to study dynamics of 1/. 

Since S is a convex compact set, then due to Schauder theorem V has at least one fixed 
point. One can see that one of the fixed points is (0,0,0). Furthermore, we will be interested 
on uniqueness (stability ) of this fixed point. 

Let us take f , p G S and consider the difference 

3 

\V(f) k - V(p) fc | < ^2\b ijlk \\fifj -PiPj\ 

3 3 



< 



J2\hj,k\\fi\\fj -Pj\ + ^2K,k\\pj\\fi 



Pi 



3 



< ^2\bij,k\\fj -Pj \ + ^2\bij,k\\fi - Pi 

i,j=l i,j=l 



< 



\ S ( EX-*' ) + 

\ 3=1 V »=1 



\ i=l V j=l 



If-Pll- 



where = 1, 2, 3. 



Therefore, one can calculate that \\V(f) — V(g)|| < \/a||f — p||, where 

3 



(4.4) 



a 



k=l v \ j=l v 1=1 



i 6 *** 



+ 



3/3 \ 2 N 2 

k\ 



3=1 



Theorem 4.4. If a < 1 i/ien V is a contraction, hence (0,0,0) a unique stable fixed point. 
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Let us investigate more weaker conditions than given in Theorem 14.41 

Take any f G S and denote jf = max{|/i|, |/ 2 |, I/3I}. It is clear that 7f < 1. Put 

3 

(4.5) 4=$^IM, k = 1,2,3. 

Define a new operator V : M. 3 — > M 3 by 

3 

(4.6) V(p) k = h UJ l>>l>r P G M 3 , k = 1, 2, 3. 
Then one can see that 

3 

mf)fcll<7f 2 ElM=7 f 2 4- 

Similarly, we find 

3 

\V 2 (f) k \ < l^-,*ll^(f)ill^(f)il < lfV(d) kl k = 1,2,3, 

where d = (5 X , 5 2 , 5 3 ). 

Hence, using mathematical induction one can get 

(4.7) \V n {f) k \ < 7 fV"- 1 (d) fc , neN. 

So, if 7f < 1 and the sequence {V n (d)fc} is bounded, then (14. 7p implies that V(f)k — >■ as 
n — > 00. 

Lemma 4.5. Assume that one has 

3 

(4.8) ^W- 1 ' fc = 1 ' 2 ,3. 
Then the sequence {V n (d) k } is bounded. 

Proof. From (14. 8 j) we conclude that 5^ < 1 for every = 1, 2, 3. Therefore, it follows from (14. 6 j) 
that 

3 

|V-(d) fc |= ^|^|^-<4<1 

which yields that |V" n (d)fc| < 1 for every n G N, fc = 1, 2, 3. □ 
Now we are interested when the sequence {^"(d)} converges to 0. 

Lemma 4.6. Assume that (14 ,8p is satisfied. Then following assertions hold true: 

(i) // there is n G N such that V n °(d) k < 1 for every k = 1,2,3, then V n (d) —> as 
n — > 00; 

(ii) If there is ko G {1,2,3} such that 5 ko < 1 and for every k = 1,2,3 one can find 
i G {1,2,3} with \b ioMjk \ + \b k0ti0th \ ^ 0, then V n (d) -> as n ->■ 00. 



QUANTUM QUADRATIC OPERATORS 11 

Proof, (i) Let us denote v = max{V n °(d) u V n °(d) k , ^ n °(d) 3 }. It is clear that < v < 1. Then 
from (14. 6p one gets 



V no+1 (d) k = J2 MV^WiV" ^ < v 2 8 k < 



v 2 . 



Iterating this procedure we obtain V n+n °(d) k < v 2 " for every n G N, k — 1, 2, 3. This yields 
the assertion. 

(ii) Take any k G {1, 2, 3}. Due to (ii) one can find io such that \bi 0t k ,k\ + \bk 0l i ,k\ ^ 0. Then 
from (14. 6p with (14.81) we have 

3 

V(d) k = ^ \ b ij,k\ 5 J 5 j 
i>i=l 

3 3 3 

= \ b k j,k\Sk 0~j + \bik ,k\SiSk + ^ \K,k\$ifij 

j = l i=l i.3=l 

3 3 3 

j = l 1=1 i,J=l 

3 

= 4 - (i - 4 ) y^d^oi.fci + i^fe ,fci) < $k < i, 

i=l 

which due to (i) implies the required assertion. □ 
So, we have the following 



Theorem 4.7. Let V be a quadratic operator (14.31) associated with a q.q.o. A and f G £. // 

one o/ the following conditions hold 

(i) If jf < 1 (which means that at least two coordinates off are not zero) and a sequence 
{V"(d)} is bounded, where d = (61,82,63) and 5 k is given by (14. 5p . 

(ii) If = 1 and V"(d) — > as n — > 00; 

(iii) 7/7f < 1 and (14. 8 p zs satisfied; 

(iv) Lei (14.81) fre satisfied and there is k$ G {1, 2, 3} snca that 8 ko < 1 and for every k = 1, 2, 3 
one can find i G {1,2,3} with \b i0tkotk \ + \b kotiojk \ ^ 0/ 

Then V n (f) — » as n — »■ 00. 

4.2. Diagonal case. In this subsection we are going to investigate more concrete case called 
diagonal operators. 

We call a quadratic operator V with coefficients {b m i tk } is diagonal if 6^ = for all j with 
i 7^ j- in what follows for the sake of shortness we write bi k instead of bu tk . Hence from (14.31) 
one finds 



3 

(4-9) (V(x)) k = J2hkX 2 . 



i=i 
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Lemma 4.8. Let V be a diagonal quadratic operator with coefficients {bij}. Assume that one 
holds 

3 

(4.10) ^max{|6 iifc | 2 } < 1, 



k=l 



then (14. ip is satisfied. 

Proof. Let us check (14.11) . Take any f , p G S, then taking into account the definition of diagonal 
operator and our notation we get 

3 3 

^2 K,kfiPj < I bi ' k Wf*\\Pi\ 

i,j=l i=l 

3 

< max{|6 ijfe |}5^|/ i ||p i | 

i=i 

< max{|6 i)fc |}||f||||p|| 

i 

< max{|6 ijfc |}, 

which implies the desired inequality. □ 
One can see that f)4.10p is weaker than (14.21) . Now denote := max{|&j t fc|} and put 



(4.11) 7 :=^ 



k=l 



From (14. lip we find |y(a;)fc| < ak and hence 

\V 2 {x) k \ < a fc 7. 

Now iterating this procedure one gets 

(4.12) \V n (x) k \ < a kl n ~ l 

for every n > 2. From (14.101) we know that 7 < 1. Assume that 7 < 1, then (I4.12p implies that 
V n (x) as n — >■ 00 for every x e S. Hence we can formulate the following 

Theorem 4.9. Let V be a diagonal quadratic operator (14. 9 j) with coefficients {bij}. Assume 
that 



(4.13) J]max{|6 Jife | 2 } < 1, 



k=l 



then the operator has a unique stable fixed point (0, 0, 0). 



Now consider an example for which (I4.13P is not satisfied. We shall see that in this case 
quadratic operator may have more than one fixed points. 
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4.3. Example of diagonal quadratic operator for which (14.131) is not valid. Moreover, 
it is not KS one. Let us consider the following diagonal quadratic operator defined by 

(V(x)) 1 = x\ 

(4.14) { (V(x)) 2 = ox\ + bxj 



(V(x)) 3 = cx 



We can immediately observe that for given operator (I4.13P is not satisfied since bxx = 1. 
We need one auxiliary result. 

Lemma 4.10. Iff — (fx, f 2 , f 3 ),P = (pi,P2,P3) G S then one has 

fiPi + fiP2 + fm < 1- 

The proof is straightforward. 
Lemma 4.11. Let 

(4.15) max{a 2 ,6 2 } + c 2 < 1 

be satisfied. Then the quadratic operator (14. 14j) satisfies (14.11) . 

Proof. Take any f , p G S, then using Lemma [4.101 we have 



k=l 



3 



b m l,kfmPl 



m,l=l 



2 



\fiPi\ 2 + \af 2 p 2 + bf 3 p 3 \ 2 + \cf 3 p 3 \' 



< \f lPl \ 2 + max{a 2 ,6 2 }(|/ 2 p 2 | + |/ 3 p 3 |) 2 + c 2 |/ 3 p 3 | 

< (f lPl f + max{a 2 ,6 2 }(|/ 2P2 | + \f 3 p 3 \f + c 2 {\f 2 p 2 \ + \f 3 p 3 \) 

< (1 - I/2P2I - \f3P3\f + max{a 2 , 6 2 }(|/ 2 p 2 | + |/ 3 p 3 |) 2 + c 2 (|/ 2 p 2 | + \f 3 p 3 \) 

< (1 - zf + max{a 2 ,6 2 }^ 2 + c 2 z 

= 2 2 (l + max{a 2 ,& 2 }) + z(c 2 -2) + l, 
where we have put z = \f 2 p 2 \ + 1/3^3!- So, if the following inequality holds 

(4.16) z 2 (l + max{a 2 , b 2 }) + z(c 2 - 2) + 1 < 1 
then (14. 2 p is satisfied. The last inequality (I4.16P is equivalent to 

(4.17) 2(max{a 2 ,6 2 } + 1) + c 2 -2 < 0. 

Taking into account < z < 1, we conclude that (I4.17P is satisfied if one has 

max{a 2 ,6 2 } + l + c 2 -2 < 

which implies the assertion. □ 

The proved lemma implies that the operator (I4.14p maps 5* into itself. Now let us examine 
dynamics of (I4.14p . 

It is easy to observe that (0, 0, 0), (1, 0, 0) are fixed points of (I4.14p . Take x G S with \x\\ = 1, 
in this case x 2 = x 3 = . Then from (I4.14p one finds that V N (x) — > (1, 0, 0) as n — > 00. 
Consider several cases with respect to the variation of parameters. 

Case (I). Let |c| = 1. Then from (I4.15P one gets that a = b = 0. In this case, we have 
another fixed point (0,0, c), and (0,0, — c) is an eventually fixed point. So, if \x 3 \ = 1 then 
V n {x) -> (0, 0, c) as n -> 00. If xj + x 2 < 1 then V n {x) -> (0, 0, 0). 

Case (II). Let max{a 2 ,6 2 } = 1. Then from (14.151) one finds c = 0. In this case, there is 
another fixed point (0, a, 0) if \a\ = 1. From (I4.14p we have (V n (x)) 2 = a{ax\ + 6x|) 2 " . So, 
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ax\ + bx\ = 1 then V n (x) -> (0, a, 0). If \ax\ + 6x§ | < 1 and \x x \< \ then V n (x) -> (0, 0, 0). 

Case (III). Let us assume that max{a 2 ,5 2 } + c 2 < 1. Then modulus of all the coefficients 
are strictly less the one. For the sake of simplicity denote m = max{|a|, |6|}. From (I4.14p we 
have \(V(x)) 2 \ < m, \(V(x)) 3 \ < |c|. 

Let us denote k = m 2 + |c| 2 . Then from (14.141) one gets 



(4.18) 

Consequently we have 



|(V(a?))2| < J7WC 

l(^))s| < |c| 3 



|(V" 2 (x)) 2 | < m(m 2 K 2 + \c\ 
here we have used that |c| 2 < «. So, by induction we may easily prove the following 



^ I 2 2 , 2| I 2\ 3 

< m m k + k c J = ttik , 



(4.19) 



|(V n (x))2| < rriK 
\(V n (x)) 3 \ < \c 



2 n -l 



2 n + l_i 



According to our assumption k < 1, therefore when < 1 we have V n (x) — > (0,0,0) 
(n oo). 

Finally let us choose parameters a, 6, c in such a way that corresponding linear operator A is 
not KS-operator. To do it, it is enough choose the numbers for which conditions of Corollary 
13.71 are satisfied. Let us start to look to (I3.17p . A little calculations show that 

(4.20) X! = (wi, 0, 0), x 2 = (0, aw 2 , 0), x 3 = (0, 0, bw 2 + cw 3 ) 
So, from (13. lip we immediately find 

"2,3 = (X 2 ,X 3 ) - (X 3 ,X 2 ) = 0. 

Hence, from the last equality with (I4.20p we infer that (13.171) is reduced to 

(4.21) |a| 2 |w 2 | 2 + \bw 2 + cw 3 \ 2 < \w 2 \ 2 + \w 3 \ 2 



Now let us estimate left hand side the expression of (14.211) . 

\a\ 2 \w 2 \ 2 + \bw 2 + cw 3 \ 2 < \a\ 2 \w 2 \ 2 + (\b\\w 2 \ + \c\\w 3 



2 



2 



< \a\ \w 2 \ +max{|6| , |c| }^|u>2| + |u>3 

< M 2 |u> 2 | 2 + 2max{|6| 2 , |c| 2 }( |w 2 | 2 + \w 3 



So, if we have 



(4.22) \a\ 2 \w 2 \ 2 + 2max{\b\ 2 ,\c\ 2 }^\w 2 \ 2 + \w 3 \ 2 j < \w 2 \ 2 + \w 3 \ 2 

then surely (14.211) is satisfied. Therefore, let us examine (14.221) . From (14.221) one finds 
1 - H 2 - 2max{|6| 2 , |c| 2 } ) \w 2 \ 2 + ( 1 - 2max{|6| 2 , |c| 2 } ) \w 3 \ 2 > 0, 
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|a| 2 + 2max{|6| 2 , |c| 2 } < 1. 



which is satisfied if one has 
(4.23) 

Now let us look to the condition (13.181) . From (14.201) direct calculations shows us that 

h(w) = (w 2 w 3 - w 3 w 2 , 0, 0) 
7 2j3 = (2ab\w 2 \ 2 + ac(w 2 w 3 + w 2 w 3 ) } } 0) 



(4.24) 



P^mi X m ] 
V m=l 



Therefore, left hand side of (13.181) can be written as follows 



h(w) 



^72,3 



X771. X r , 



m=l 



w 2 w 3 {l — iac) — w 3 w 2 (l + iac) — 2iab\w 2 \ 



Hence, by means of (14.201) and the last equality we find that (13.181) reduces to 



w 2 w 3 {l — iac) — w 3 w 2 (l + iac) — 2iab\w 2 \ 



Letting w 3 = in the last inequality, one gets 



< \w 2 \ + |w 3 | - \a\ \w 2 \ 



\bw 2 + cw 3 \ 



2\ab\\w 2 \ 2 < \w 2 \ 2 (l - \a\ 2 - \b\ 2 ) 

which is equivalent to 

(4.25) |a| + |6|<l. 

Consequently, if we choose the numbers a and b in such a way for them (I4.15P is valid, 
but (14.251) is not satisfied then the corresponding q.q.o. A would not be a Kadison-Schwartz 
operator. For example, let us put c = 0, a = b = Then one can see that (I4.15P is 

satisfied, moreover (I4.23P is valid as well. But (I4.25P is not satisfied. 
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